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Abstract 

The  problem  of  decoupling  of  systems  with  parameter  uncertain  y 
is  treated.  The  possible  parameter  values  are  defined  over  a disc 'etc 
range.  The  conditions  for  decoupling  are  given  as  well  as  for  distur- 
bance isolation. 


I . INTRODUCTION 

The  problem  of  decoupling  of  systems  with  uncertainty  is  considered. 

The  uncertainty  is  assumed  to  be  contained  in  the  system  matrix  which  is 
parameterized  by  a parameter  vector  which  is  uncertain  except  that  it  is 
defined  over  a discrete  range.  The  conditions  for  decoupling  are 
developed  for  this  type  of  system.  The  disturbance  isolation  problem 
is  treated  in  Appendix  3.  This  problem  may  correspond  for  a solution  to 

' 

a decoupled  flight  control  application  where  the  vehicle  must  be 
decoupled  over  a finite  set  of  flight  conditions  (]_). 
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The  decoupling  problem  with  uncertainty  is  treated  in  a diffc:c!it 
manner  in  references  (3-^) . In  (3)  the  data  sensitivity  problem  i . 
treated  v/here’  dccoupl  ing  is  assured  f or  a class  of  perturbations  i order 
to  obtain  what  is  known  as  output  invariance  decoupling  but  callei  data 
sensitivity  in  this  reference.  The  results  yield  strong  solutions 
Therefore,  the  results  herein  will  assure  decoupling  outside  the  low- 
able  set  of  reference  (3)  but  are  limited  to  a discrete  range  of 
possible  parameter  values. 

2.  PROBLEM  STATEMENT 

Consider  the  linear  time-invariant  system 

x(t)  = A(0)x(t)  + B u(t)  (1) 

where  _xcRn  is  the  system  state,  ucR*1  is  the  system  control,  IM  . a 
n x in  control  gain  matrix,  and  A(O)  is  an  n x n dynamic  matrix 
parameterized  by  a time-invariant  and  uncertain  parameter  vector  Os  R1’. 

Let  k denote  the  index  set  {l,2,...k}.  It  is  assumed  that  0 is  del  iried 
over  a discrete  range,  i.c.,  Oc{C^  ,0^, . . .0^}  where  the  CK's  arc  th ; 
possible  parameter  values.  The  output  vector  is  given  by  the  equation 

X(t)=Hx(t)  (2) 

where  ycRm  is  the  output  vector  and  H is  a m x n time- invariant  output 
matrix.  The  control  u^(t)  will  be  chosen  in  a static  feedback  manner  as 

u(t)  = F x(t)  + G v(t)  (3) 


xmmm 


where  ydtin  is  the  external  input  to  the  closed  loop  system.  The  matrices 
£ and  G of  obvious  dimension  arc  to  be  chosen  such  that  the  i-th  element 
of  the  external  input  vector,  y_,  will  control  the  i-th  element  ..rid  only  the 
i-th  element  of  the  output  vector,  y,  independent  of  the  value  of  0 where 
0 is  defined  over  the  discrete  range.  Thus,  the  problem  that  m.;t  be 
addressed  is  that  of  characterization  of  the  class  of  decoupling  control 
laws  that  will  decouple  the  system  irrespective  of  the  parameter  values 
within  the  discrete  range. 

The  problem  heuristically  stated  above  will  be  mathematically 
formulated  in  terms  of  the  geometric  theory  and  the  conditions  for 
decoupling  will  be  developed,  furthermore,  Appendix  li  gives  the  results 
for  disturbance  isolation  irrespective  of  the  parameter  vale-:  in  the 
discrete  range. 

3.  DIAGONAL  DECOUPLING 


In  this  section  the  mathematical  problem  formulation  of  the  decoupling 
problem  of  systems  with  parameter  values  defined  over  a disc  »te  range 
will  he  developed.  It  is  shown  that  the  decoupling  problem  solution 
consists  of  finding  certain  subspaces  that  have  given  require  icnts  imposed 
upon  them.  The  synthesis  of  such  subspaces  is  considered  in  the  next 
section. 

One  may  rewrite  the  output  equation  (2)  in  terms  of  its  ■ laments, 


i .e. , 


(4) 


where  H.  is  the  j-th  row  of  the  output  matrix  II. 

J 

write  the  control  law  (3)  as 


u = f x i-  j G . v . 

- jL'i  .1  -J 


-3 


furthermore,  one  may 


(G) 


where  Cj  is  the  j-Lh  column  of  f^.  It  may  bo  shown  that  the*  output  space 

controllable  by  each  v.  for  a fixed  o.  is  given  as 

= !ij{A(Oi)  + B F|fB  Gj}}  (G 

In  order  to  control  with  Vj  one  must  have 

rut-"j  <7 

where  II.  is  the  range  of  II..  Therefore,  in  order  to  assure  inat  one  may 

J J 

control  y.  completely  with  v.  irrespective  of  the  parameter  value  0., 

J J 1 

/\ 

ick,  one  must  have 

OUT  ~ 

R-j  = ffj,  Vick  (o 

This  equation  may  be  rewritten  as 

M.{/\(0.)  + B £.1  G •})  = II. , Vick.  (0 

Now  if  one  denotes  the  subspace  {_A(0.)  + [I  Tj{B  r. . } } as  I’..,  it.  is  clear 
that  in  order  for  the  above  condition  to  be  met  one  must  have  R, 


Therefore,  in  order  to  control  the  output  element  y.  com >1 e to  1 y 

J 

A 

with  v.  irrespective  of  the  parameter  value  0.,  ick  the  output  space  for 

J I 

each  value  of  0.  must  equal  the  range  space  of  H..  Furthermore,  it  is 

J 

clear  that  the  )utput  space  for  each  val  ie  of  0.  must  be  equ; 1. 

Let  the  null  space  of  M.  be  denoted  as  N . . Given  (A( 0.',  ick),  B, 

J J *1 

and  N.,  j-l,2,...m,  the  controllability  subspace  of  (A(  .),  n.k;  B G.)  i 
J 1 J 

given  as 

R.  = (A(0 . ) + B F|{B_  G . ) j , Vick.  (10 

J 1 "J 

From  reference  (2)  it  is  clear  that  one  may  rewrite  this  as 

R.  = (A(o.)  + n r|i; n K.},  vick.  (n 


Iii  order  to  assure  noninteraction  between  the  v_.'s  and  the  y 's,  H i j, 

J " c 

one  must  have  that 


R . C Q,  W 
J US 


/j 

This  will  assure  that  the  states  controllable  by  each  v.  be i i i in  the 

J 

null  space  of  H , if  j.  Furthermore,  the  condition 


(12) 


Rj  + Nj  = R ’ j = 1.2....." 


(13) 


must  be  satisfied  in  order  to  assure  that  one  may  control  y.  completely 

J 

wi th  v . . 

•J 

Thus,  in  summary  the  conditions  that  must  be  met  in  ordc r to  decouple 
the  uncertain  system  are  that 


Rj  = {A(0. ) + B F|i’,n  Rj],  Vick,  j = 1,2 in 

CjC  ffi  “v  J - 

I‘j  + Nj  ■ Rn,  j - 1,2, ...in.  (M) 

Hence,  given  (A(0.),  ick),  R,  and  Nj.Mg,...,*/  the  problem  is  that  of 
determining  the  subspaces  R.,  j = 1,2,..., in  that  satisfies  the  above 

sJ 

conditions.  These  conditions  are  similar  to  those  found  in  reference  (2). 

However,  the  conditions  are  much  more  st'ingent  in  the  requirements 

placed  upon  each  of  the  possible  subspac  *s  R... 

U 

Tin’s  completes  the  mathematical  prof  lem  fornn  ation.  T construction 
of  the  necessary  subspaces  will  be  developed  in  tin  next  section. 


4.  CIIARACTCRIZATION  Or  THE 
CONTROLLABILITY  SUBSPACES 

In  this  section  the  necessary  1 enmas  and  theorems  will  be  do*. eloped 
in  order  to  characterize  the  required  controllability  subspacos.  The 
bound  on  the  maximum  number  of  uncertain  parameters  w i LI  in  the  dr  Crete 
range  is  found. 

Definition  1:  The  subspacc  v is  said  to  be  invariant  with  respect 

a e 

to  (0(0,),  ii.k)  if  C(0.)vCv,  Vick. 

Lemma  1:  Let  v C Rr'  and  k be  the  index  set  k = where 

k is  the  number  of  matrices.  Let  n = dim  v.  There  exists  an  in  n 

matrix  F such  that  l/\(0.)  + BFJ  v C v Vii  k if  and  only  if  A(0. ) C v + 

G,  Vick  and  [A(0  ) - A ( 0 . ) ] v C v for  all  l,  jck. 

J 

Proof : Sufficiency.  Let  (v-j  ,v2> . . . ,Vj,}  be  a set  t f basis  v ctors 

for  v.  Assume  that  A(rw)  v C B + v.for  till  ic.k.  Now,  one  has  f r some 

u.i_Rm  and  w-tv  and  some  ick 
J J 

A 

A(0. ) v,  = B u.  + w. , Viek 

1 J J J 

and  that 

(«°i>  - Alopilj  * wjBn  r-  »• 

Now,  choose  F such  that 

- c-i s -“i 

E *2  = ~--2 


i 


One  has  that 


or 


A(0.)v.  = - B F v.  + w. 
- l --J  -J  j 


(AJO.)  + B □y.j  = wr 


Furthermore,  one  has  that 


A(0A)Vj  = A(Oi)vJ. 


or 


A(0 f)v.  =-BFy. 

K J J 


+ *j  - wijr 


This  may  be  rewritten  as 


|A(°a)  + B IF] Vj  = Wj  - c v . 

Therefore,  this  choice  of  F and  the  conditions  on  the  matrices  p eserves 
the  results. 

Necessity.  Assume  that 

fA(Oj ) + B F|v  C v,  Vick 


Then  for  v.cv  there  exists  a w. .cv  such  that 
J i J 

[A(0  ) + B F]v  = w. .,  Vick. 

J ' J 

This  implies  that 

A_(°j)vj  = w. j - B F v j , Vick 
or 

A(C. )u  C v + B,  Vi. 


7 


V'> 


Now,  one  has  that 


|A(0.)  + B F]Vj  = w.. 


|A(nJ  + B F]  v . = w . 

^ J X'.v) 


Thus,  one  has  that 


|A(0. ) - A(G£)J_v.  = w.j  - VL-.  r v 


[A(0.)  - A(Oa)l  v C v. 

This  lemma  yields  the  necessary  and  sufficient  conditions  for  the 
existence  of  a feedback  matrix  £ that  will  assure  that  ihe  subspacc  v 
is  invariant  with  respect  to  (A(0.)  + £ £,  irk). 

Lemma  2:  Let  F be  the  class  of  matrices  £ 3 [A(0. ) + £ £|R  C R, 

Vick.  Let  NCR.  Now  V £ c F 

R D B + [A(0. ) + B£]R  = R D f/\(o.  )R  + B] , Vick.  (1! 


Proof:  Let  £ c F.  Then  £A(0.)  + B £}R  C R C R,  Vick,  and  since 

B £ R C B,  then  A(0.)R  + G=  (A(o.)  + B F|R  + G,  Vick.  Thus, 


R n |A(0.)R  + R]  = R n i|A(0.)  + B £]R  + G},  Vi.k, 


One  may  use  t lit  distributive  rule  for  subspaces 


[l  n (N+M  n l)]  = l n m + l n w, 


which  yield: 


R n [AJO^RIR]  - R n G ► R n [A(0.)H1F]R,  tick. 


However,  ii  C R and  [A(u.  )+BI:jR  C R.  Thus, 

R n [A(0.)RH>]  = R n (5  + [A(o. ) i-  Bf]R,  V i e. K . 

Lemma  3:  If  F c f,  then 

j [A(g.)+UF]j"1U  n R = vS.^  , ick  9 = 1,2,..., Ill  (1G) 

j;l  ' ' 

where 

= R n [A(0.  )rP_1  hl>],  Vick 

« °>  = o.  ' (,7) 

Proof:  9 - 1 

[A(Oi)+nr]°  u n r = r n [a(o.)(o)  b] 

13  n R = R n /j,  Vick 


Assume  it  is  true  for  t = p - 1 , Then 

p ,•  1 p .:  1 

l [A(0.  )+BP]J"  B n R = OfTR+V  [A(o. ) * BT  liflli 
j,i  ' - - j-i  “ 1 

P-1  : 

= is  n r + [A(o.)+nr]  y [A(o.)+m-]J'  b n r 
1 • ■)  ~ 1 - — 
j“i 

= B n R + [ A ( o j ) l-B F ] k’(p-1\  Vick. 

By  use  of  Lemma  2 one  obtains 

} [A(0.)+BF]j'1B  PI  R » R fi  "A(0.)r(p_1  ^ H>]  Vii.k. 

J-l  - 1 " - i i 


As  the  conditions  for  decoupling  require  that  the  subsp.  cos 
R . , j - 1,2,..., m he  found  that  satisfy  the  conditions  given  in  equation  (M 

J 

the  method  of  synthesizing  these  subspaces  must  be  developed.  In  particular 

/N 

given  (A(ia),  iik),  l[,  and  K one  must  find  the  conditions  f o*  the  existence 


of  f ! such  that 


r = {A(u.)  + 15  r|cn/ii,  v i i k . 


If  such  an  f exists  then  R is  called  a controllabil ity  subspace  of 


) * ir^‘>  n)> 


Theorem  1:  Given  (A(O^),  irk),  15,  and  R C r,  R is  a cont 'ollability 


/s 

subspace  of  (A(O^),  'irk;  B)  if  and  only  if 


A(0.)R  CU+R,  Vick, 
[A(04)  - A(Oj)JR  CR,  U,  jrk, 
R - R. , Vick 


where  K.,  ir.k,  are  the  minimal  subspaces  such  that 


R.  = R D | A (o . )R.+B | , Virk. 


furthermore,  k\  = R^p\  Vick 


ii  k where  p = dim  R and 


+ GJ,  Virk. 


Proof:  Assume  R is  a controllability  subspace.  Then 


flow  £ r.  F implies 


By  Lemma  1 


R - (A(0. ) + B F|B  O R , Vick. 


[A(0.)  + D FIR  C R,  Vick. 


A(0. )R  C K + Li,  Vick 


[A(Ov)  - A(°j ) )R  c VJ-,  jck 


Furthermore, 

n ■ l 

R = l LA(o.)H3l  jJ-'  IS  Cl  R , Vick 
M 1 

- R(n)  - k(p) 

i i 

by  Lemma  3. 

Assume 

A(0.  )R  C B h R 
R = R.. 

l 

Tfien  since 

R.  = R n CA(Oi)C.-»B],  Vick 

n . , I 

= l IA(o  j+nr]J*,B  n k,  vick 
= £ A(0  ) + J?F|(i  n R)  Vick, 

anil  F c T,  To  show  that  t ie  sequence  has  a minimal  solution  one  tnay 
proceed  by  induction  to  show  Rv  ' C R,  £ = 1,2,...  for  every  solution 
R and  that  the  sequence  R'"'  is  monotone  nondecreasing.  Hence,  there  is 
a p < p D R ^ = R^1^  for  j > |i  in  particular  R^  satisfies  the 

sequence . 

In  order  to  calculate  the  maximal  controllability  subspace,  ■ , 
contained  in  a given  subspace  L,  let  v be  the  maximal  subspace  of  L 
which  is  [A(0  )+nr]  invariant  for  all  iuk  for  some  r and  let  F(v)  bo  the 
class  of  r such  that  [A(0^ ) HliF]o  C v,  Vitl..  Now,  in  order  to  fii  1 this 
subspace  one  may  apply  the  following  theorem. 

Theorem  2:  If  £ c f(v)  the  subspacc 


R = (A(o^ ) < I’ f_|  A n v),  Vick 


(23) 


ft 


is  the  maximal  controllability  subspace. 

Proof:  k is  obviously  a controllability  subspace  of  ( A ( f ^ ) 

From  the  sequence  in  equation  [?2)  one  may  see  that  this  subspa 
independent  of  F c F(v)  and,  therefore,  is  uniquely  defined.  N 

R = {A(0.)'l}F|B  H RJ  , Vick,  K CL. 

A /N  

Then,  I’  is  [A(0 . ) + B r ] invariant  Vick  and  since  v is  maximal,  tie 
Let  v = R © v.  Then  there  exists  an  F such  that 


C a ( ° j ) • n r ] 0 c:  v,  Vick 

A A 

Fx  - lx,  xr.l’. 


Then  F c T (v)  and 

K = {A(0.)+BF|B  n u]  C IA(C).)+BF|<J  H “}  = IT. 


The  next  section  gives  the  conditions  for  the  existence  ol 
to  the  problem  in  equation  (M). 


5.  EXISTCNCC  OF  A t OLUTI ON 


This  section  gives  the  conditions  that  must  be  satisfied  1 
a solution  to  the  decoupling  problem  given  in  equation  (14). 

Theorem  3:  If  the  dim  il  = in,  then  equation  (14)  has  a so 

and  only  if 

R . + N . = Rn 
J J 

and 

m 

IS  = V B n R . 
j‘-'l  J 


IT.  - {A(0.  )+llF|i;  n v.) , Vick. 

J J 


, irk;  B). 
is 

w , let 

! k C V. 


a solution 


> yield 
ition  i f 


where 


Furthermore,  if  £,  R,,  Rot  .....  R is  any  solution  to  (H),  then 


Proof:  The  proof  follows  in  a similar  manner  to  Theorem  7.1  in 

rofcronco  (?)  with  appropriate  modifications. 

« 

0.  CONCLUSIONS 

The  problem  formulation  for  decoupling  of  systems  with  uncertain 
parameters  defined  over  a discrete  range  is  given.  It  is  shown  that 
the  maximum  number  of  parameters  that  can  be  in  the  discrete  ran  e is 
limited  to  the  dimension  of  the  maximal  invariant  subspace  as  deiined 
prior  to  Theorem  2.  The  results  are  given  to  ensure  the  decoupling 
irrespective  of  the  parameter  value  edi'1  within  the  discrete  range. 

The  problem  of  disturbance  isolation  of  systems  with  uncertain  parameters 
within  a discrete  range  is  treated  in  Appendix  B. 
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APPCUDIX  A 


Lemma  A.l:  Let  x-eRn,  imcR1”,  i = 1, n.  There  exists  an  in  x n 

matrix  F such  that  F x.  ~ im , Vic{k,k>l,  where  I;  is  the  index  set 

k - ll,2,...,k)  and  k < n,  if  and  only  if  W(X;  - W(ll)  where  F and  U are 
matrices  with  column  vectors  x.  and  u . , respectively.  IF  the  x . * s are 
linearly  independent  F always  exists. 

A 

Proof:  One  may  assume  an  £ exists  such  that£x.  = u . , Vick  and 

that  the  x . 1 s are  linearly  independent.  Thus,  the  rank  of  x is  n and 

X y = 0 

has  no  nontrivial  solutions  and,  therefore,  M( X ) = 0.  It  follows  that 
N(X)C  N(ll)  since  N( U)  contains  at  least  the  null  vectir  and  W(X)  contains 
at  most  the  null  vector.  How,  the  following  equation  nay  be  formed 

£ X = U 


by  [A].  Then 


1 


! 


i 

i 


and 


from  reference  (!>)' 


Let  A = bJ,  then 


which  implies 


Therefore , 


and 


which  implies 


[A]  C R (XT) 
f‘(UT)  C R (XT). 

W(AT)  " K(A)-1-  . 

M(n)  = r(bt)-i- 
N(B)-L  = L’(BT). 
W(U)-L  c l’(XT)  = N(X)L 
N(U)±-  C ,V(X)i- 
N(y)  c N(X). 


ll 


APPENDIX  13 


Consider  the  system 


x = A(0.  )x  + !3  + D f, 


(13.1) 


u = F x + v 


(B.2) 


y.  = 11  x. 


(B.3) 


The  parameter  vector  0 is  uncertain  but.  defined  over  a discrete  range  as 
in  Section  2.  The  output  y will  be  unaffected  by  K irrespective  of  the 


parameter  <)•,  Vii.k  if  and  only  if 


(A(0.)  + B r|D}  C N(M),  Vi  k. 


(13. A) 


Theorem  11.1:  There  exists  an  F sucli  that  { A ( ( K ) + D F ( l?}  ( .V ( If ) , Vick 

if  and  only  if  0 Cy  where  v is  the  maximal  subspace  such  that 

v c w(h)  n ) n A“1(o9)(B+v)n...n  a_1(o.  )(g+»)  (b.g) 


IA(o4)  - A(0.)]\>  C v,  va,  jck. 

( y* ) 

Furthermore,  v is  given  by  v = v where 

VU)  = v(l>1)n  A"1(o1)(r.tv(f"1))n  A'1(rt2)(BHv(e'1))  n 
...n  A'1(ok)(fiH»(e'1)). 


(B.G) 


r = dim  W(M) 


Proof:  Now, 


C N(H)  H A'1  ((^(BKO  n A-1  (o2)  (d+v)  n 

...  n A“1(ok)(inx') 


implies  that  v C M(M)  and  v C A"  (0.  )(I5+v) , Vick.  Thus 

A(C)..  )v  C B+o,  Vick. 

Gy  Lemma  1 there  exists  an  £ such  that 


{A(0.)  + G £}  v Cv,  Virk. 


Now,  PCv  implies  that 


(MO.)  + B£|PJ  C(A(Oi)  + ££|v},  Virk. 


{A(0. ) + B £|v)  = v + (A(0.)  + B £)  v + 


..  + (A(0.)  + B £)n~  v 


imply  that 


where 


(A(°.)  + B £)  v C v,  Vick 


A(0.)  + B £|v)  = v,  Vick. 


Thus , 


Cn(!I) 


(A(G.)  + G £ | P } C {A(0.)  + B ill  v>  = v C M(H) , Vick. 


One  may  assume  there  exists  an  £ such  that 

(A (O- ) + B £| P 1 C M(H),  Vick. 


(A(0.)  + B r |P>  = Wi  C N(ll),  Vi*  k. 


(A(0.)  + B n W.  * (A(0.)  + n £Hi?  + 

(A(o.)  + nr)p+...+  (/\(o.)  + i F)n'1p}C( 


t 


21 


Since  W . is  a cyclic  subspnee  it  is  invariant  with  n socct  to  A(0.)t-  B [. 
furthermore,  from  Lemma  A.l  one  lias 

A(0. ) W.  C B + Wi , Vi l k 


and 

[A(Oa)  - A(0.)  | W.  C W. , U,  jck. 

Thus, 

A(0  )W  C B + tlZ.  ) 

1 1 . Vit 

W.  C ,V(II)  ) 


An  upper  bound  for  each  W.  is  M(H). 

In  order  to  show  the  existence  of  a maximal  sol  jpace  v sucli  that 


A(Oi)vC  6+v,  Vick 
v C N(M) 


one  may  show  the  existence  of  the  maximal  subspaces 

A(0.)  W'  C B + W. , Vick 
W.  C W(M) . 

The  rc(]uired  maximal  subspace  v is  then  given  by 

v - nC  (7  . 

ick  l 

It  follows  from  {?-)  that  the  maximal  subspaces  UK  e ist.  Thus,  t.  c required 
subspace  is  given  by  equation  (11.6).  It  may  be  easily  proven  th. 


rv 

ick 


A<°,  > uk  c 


'«**•*• 


xx. 

In  order  to  show  that  visa  subspace  one  may  note  that  v is  nonempty  since 
each  W.  contains  the  zero  vector.  Furthermore,  since  W\'s,  Vick  a o sub- 
spaces as  can  easily  be  shown,  then  from  the  wo-1 1 known  theorem  th  t the 
intersection  of  subspaccs  is  a subspace  it  follows  that  v is  a sub  iace. 

i 

Now,  since  DC  Id.  C it/. , Vick,  then 

V C v. 

In  order  to  compute  the  maximal  subspace  in  N(ll)  we  may  use  the  following 
algorithm.  We  need  to  compute  the  maximal  subspace  in  M(|l)  which  satisfies 
the  requirements  that 

v C N ( 1 1 ) 

A(0.)vC  B + v,  Vick. 

Let  = N(l_l),  then  \>  C v^.  Let 

v(j'<l)  _ v(d)p|  A"^  (Uj  )((J+v^ ) n ... 
n /fV^MG+v^) 

Assume  vC  v^.  Then  vC  + Thus,  vC  v^,  Vj. 

Furthermore  the  sequence  v^,  , ...  is  monotone-c  tcreasing. 

Since  N(ll)  is  finite  dimension,  there  exists  an  integer  which  is  less 
than  dim  N(H)  for  all  j > H.  Since  vC  and 

satisfies 

C N(ll) 

A(0  )v^  C li  + v^,  Vick, 

— i 

then  v = v<*>. 


